ON ALGEBRAS ASSOCIATED TO PARTIALLY ORDERED SETS 



MORTEN BRUN AND TIM ROMER 

Abstract. We continue the study [2] on sheaves of rings on finite posets. We 
present examples where the ring of global sections coincide with toric faces rings, 
quotients of a polynomial ring by a monomial ideal and algebras with straight- 
ening laws. We prove a rank-selection theorem which generalizes the well-known 
rank-selection theorem of Stanley-Reisner rings. Finally, we determine an explicit 
presentation of certain global rings of sections. 



1. Introduction 

In the present paper we continue the study [2] on sheaves of commutative rings 
on finite partially ordered sets (posets for short). Recall that a finite poset P can 
be considered as a topological space with the Alexandrov topology PQ, that is, the 
topology where the open sets are the subsets U of P such that y G U and x < y 
implies x G U. Let R be a Z m -graded commutative Noetherian ring. A sheaf T 
of Z m -graded P-algebras on P is uniquely determined by its stalks (T x ) x( zp and the 
homomorphisms T xy : T y ~^>T X for x < y in P induced by the restriction maps of T. 
More precisely, the stalks of T form an RP '-algebra T, that is, a system (T x ) x£ p of 
Z m -graded P-algebras and Z m -graded homomorphisms T xy : T y —>■ T x for x < y in 
P with the property that T xx is the identity on T x and that T xy o T yz = T xz for every 
x < y < z in P. Moreover, every PP-algebra T corresponds to a sheaf T. We study 
the (inverse) limit lhripT = H°(P,T) of T and call it the ring of global sections 
of T. Under this name it was for example studied by Yuzvinsky [22] and Caijun 
jH]. The PP-algebra T is called flasque if T is flasque, that is, if the restriction 
limjy T — > limy T is surjective for every inclusion V C U of open subsets of P. The 
case where R = K is a field is of particular interest. 

The paper is organized as follows: In Section |2] we explain the terminology used 
throughout the paper. In j2] it was shown that rings of global sections of KP- 
algebras appear naturally in algebraic combinatoric and commutative algebra. In 
Section |3] we present classes of KP-algebras associated to toric face rings (as in- 
troduced in ^), monomial ideals and algebras with straightening law (ASL's for 
short). 

In Section|3]we give a criterion on a i^P-algebra with stalks given by ASL's to have 
an ASL as ring of global sections. As an application we generalize a construction of 
Stanley ^7] who defined the face ring of a simplicial poset. Here we consider more 
generally a locally distributive lattice, i.e. P has a terminal element Op and for all 
z G P the interval [Op, z] is a distributive lattice. We construct an iTP-algebra T 
such that limT = K[P]/It where K[P] is a polynomial ring on the elements x G P 
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and the ideal It is generated by 

xy — x Ay z 

z 

where z ranges over all minimal upper bounds for x, y in P. The sum is defined to 
be zero if there are no such elements. 

After the variety of examples we prove in SectionEJa rank selection theorem in the 
tradition of Duval [H|, Hibi [TUj, Munkres [T3] and Stanley [T^]. As an application of 
one of our main results Theorem 15.51 we consider the following situation. We define 
the ith skeleton of a finite poset P to be the sub-poset P" = {y E P : rank(y) < i}. 
If for example P = P(£) is the face poset of a rational pointed fan E in R m and 
T = T(S) is the .fTP-algebra as constructed in Example 13.11 then we obtain that 

depth limT = maxiz G N : i < rank(P) and limT is Cohen-Macaulay}. 

P pCO 

If P is the face poset of a simplicial complex A and T is the Stanley-Reisner KP- 
algebra associated to A, then this is a well-known result, because limT = K[A] is 
the Stanley-Reisner ring associated to A and lim P (i) T = if [A*- 1 )] is the Stanley- 
Reisner ring associated to the ith skeleton Aw of A in this situation. 

Finally, in Section |H1 we study presentations of KP- algebras. Many such KP- 
algebras have an extra piece of structure: there exist compatible splittings of the 
restriction maps considered as homomorphisms of abelian groups. These splitting 
enable us to present the associated rings of global sections of T by an ideal I of the 
form / = /t + in a polynomial ring, where /a is the Stanley-Reisner ideal of a 
simplicial complex A related to the order complex of the underlying poset, and It is 
the sum of the defining ideals for the stalks T x of T. Given such a presentation, the 
main result of 2j implies that the cohomology of the simplicial complex A carries 
enough information to determine the depth and dimension of the ring of global 
sections limpT of T. 

2. Prerequisites 

In this paper P = (P, <) denotes a partially ordered set (poset for short). We 
write x < y if x ^ y and x < y. The opposite poset P op has the same underlying set 
as P and the opposite partial order. If P contains a unique maximal element lp, 
then it is called the initial element of P. Analogously a unique minimal element Op 
of P is called a terminal element of P. The poset P is obtained from P by adjoining 
disjoint initial- and terminal elements lp and Op. The closed interval [x, y] is the 
set of elements between x and y in P, that is, elements z G P with x < z < y. 
We also consider the half-open interval [x,y) = [x,y] \ {y}, the half-open interval 
(x, y] = [x, y] \ {x} and the open interval (x, y) = [x, y] \ {x, y}. A chain is a totally 
ordered subset of P. The rank of P, denoted rank(P), is the supremum of the 
numbers \C\ — 1 for C a finite chain in P. The rank function on P is defined by 
rank(x) = rank((0p,x]) for x G P. The face poset of a simplicial complex A is the 
poset P(A) = (A, C) of faces in A ordered by inclusion. The order complex A(P) 
of P is the simplicial complex consisting of the chains in P ordered by inclusion. 
(For more details see Bruns-Herzog [S] and Stanley [T%1 IT§] .) 
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Let R be a Z m -graded commutative Noetherian ring and let T be an PP-algebra. 
If the rings T x have property E and the homomorphisms T xy are compatible with 
property E we say that T is an PP-algebra of algebras with property E. For example 
T is an PP-algebra of Cohen-Macaulay rings, if the rings T x are Cohen-Macaulay. 
If there exists exactly one Z m -graded ideal m in R such that R/xn is a field, then we 
call R a Z m -graded local ring. Note that P/m is concentrated in degree zero, and 
thus m contains every element of R of non-zero degree. In particular, if K = Rq 
is a field, then m = © ae z™-\{o} We denote by H^(N) the local cohomology 
modules of a finitely generated Z m -graded P-module N with respect to m (see j3] 
for details). Since m is a maximal ideal the definition of graded local cohomology 
modules and usual local cohomology modules coincide. Note that H^(N) is a Z m - 
graded P-module. 

3. Examples of PP-algebras 

In this section we present PP-algebras appearing naturally in algebraic combi- 
natoric and commutative algebra. Of course every if-algebra S equals limpT for 
the poset P = {x} consisting of one element and the ifP-algebra T with T x = S. 
But this gives no new information about S. The goal is to choose a finite poset P 
and a suitable ifP-algebra T such that the stalks T x are as nice as possible (e.g. 
Cohen-Macaulay rings) and to characterize ring properties of limpT in terms of 
combinatorial properties of P and ring properties of the rings T x for x G P. Our 
first example goes back to a construction of Stanley |16j . 

Example 3.1 (Toric face rings). We consider a rational fan E in M m , that is, E 
is a finite collection of rational cones in M. m such that for C C C with Cg Ewe 
have that C is a face of C if and only if C G E, and if C, C G E, then C H C 
is a common face of C and C . For each cone C G E we choose an affine monoid 
M c C Z m such that: 

(i) cone(M c ) = C for C G E; 

(ii) If C, C G E, C C C, then M c , = M c n C". 

Observe that we do not require that Mc is normal. Let P(S) = (E, C) be the 
partially ordered set of faces of E ordered by inclusion and let ii" be a field. For 
C G P(E) we let T c denote the affine monoid ring K[M C }. For C C C in P(E) 
the homomorphisms Tec'- Tc — > Tc are induced by the natural face projections 
if [C n Z m ] -> if [C n Z m ]. This is a Z m -graded ifP-algebra, and with R = limT it 
is an PP-algebra of Z m -graded P-algebras. We write T = T(E) if M c = C n Z m , 
for every C G E. In this case the ring limT(E) is called the toric face ring of E, 
and it was studied by Stanley [TH], Bruns-Gubeladze [H] and Brun-Romer 

Stanley-Reisner rings of finite simplicial complexes are covered by the above ex- 
ample: To a simplicial complex A we associate a fan E with the same face poset 
as A, and we can choose Mc isomorphic to N^" 1 ^) for every C G E. In this situa- 
tion we write P(A) = P(E) and call T(A) = T(E) the Stanley-Reisner K P-algebra. 
The ring limT(A) is isomorphic to the Stanley-Reisner ring if [A]. (See |2, Example 
5.2].) 
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Our next example shows that rings defined by monomial ideals give rise to KP- 
algebras. 

Example 3.2 (Monomial ideals). Let R = K[x\, . . . , x n ] be the polynomial ring 
over a field K with the usual Z n -grading. Recall that irreducible monomial ideals 
in S are of the form m b = {x\\...,x b * ) for 7^ b G N n . A monomial ideal / has a 
unique irredundant irreducible decomposition of the form 

I = m bl n-nm k ' for b 1 , . . . , b l G N n . 
(See [TTJ Section 5.2] for details.) For each subset C of [t] = {1, . . . ,t} there exists 
a unique maximal subset C C [t] with the property that J2iec mb * = SieC™^- Let 
P(I) denote the poset of the subsets C of [t] for 7^ C C [i] ordered by reverse 
inclusion. For C G P(J) let T{I) C = S/J2 ieC m bl and for C, D G P(J) with CCD 
we define T(I)dc '■ Tc — * Tb to be the natural projection map. Now: 

(i) T(J) is a Z n -graded RP (J) -algebra. 

(ii) By using Lemma 7.3 of [2^ we see that T(I) is flasque. 

(iii) T(I)c is a complete intersection and thus Cohen-Macaulay for C G -P(I). 

(iv) Since we have chosen an irredundant irreducible decomposition, the one- 
point sets {i} are the maximal elements of P(I), and so limT(J) = S/I. 

The result Theorem 6.2] has the following corollary. (See [20, Theorem 1] for 
a more general description of H^(S/I).) 

Corollary 3.3. Let I = m bl H ■ • ■ flm b ' C K[x\, . . . ,x n ] be an irredundant irreducible 
decomposition of a monomial ideal and let dc = dimT(/)c. If dc > do for C,D G 
P(I) with D C C then H l m {K[x\, . . . ,x n ]/I) is isomorphic to 

W- d --\(FA P{I) );K)0 K H d m -(K[xu...,x n ]/Y,rn bt ) 

FeP(I) i&F 

as a Z n -graded K -vector space. 

For the next example we recall the notion of an algebra with straightening law 
(ASL for short). We call a function m: P — ► N (i.e. m G N p ) a monomial on P, 
and consider it as an element of the polynomial ring K[P\ on the elements of P. 
The support of m is the set supp(m) = {x G P : m(x) 7^ 0}. The monomial is 
called a standard monomial if supp(m) is a chain in P. Let R be an algebra over a 
field K with an injection 0: P —>■ R. We associate to each monomial m the element 
(j>(m) = YlxeP </>(^) m ^^ G R and call 0(m) a monomial in R. Following [7] we call 
R an algebra with straightening law (ASL for short) on P op over K if 

ASL1 The set of standard monomials is a i^-basis of R, and 

ASL2 if x and y are incomparable in P and if 

(1) xy = r m>xy (j}{m) 

rn 

is the unique representation of x?/ as a linear combination of standard mono- 
mials guaranteed by ASL1, then r miXy 7^ implies that the maximal element 
x m of supp(m) satisfies x < x m and y < x m . 
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Note that for technical reasons we work with P op instead of P. By ASL1 every mono- 
mial <f>(n) in R has a unique representation of the form <f>(n) = J2 m &N p r m,n4>( m )i 
where r m n 7^ implies that m is a standard monomial. We write 

r{n) = ^2 r m, n m 

meN p 

for the element in the polynomial ring K[P] associated to this representation of 
4>{m). 

Example 3.4 (ASL). Let R be an ASL on P op . Then R = K[P\/I P where the 
ideal ip C K[P] is generated by the straightening relations n — r(n). For Q' C Q 
an inclusion of subsets of P we consider the projection map 

if x G Q', 



p Q , Q :K[Q]^K[Q'}, 




if x & Q'. 



We let I Q = Pqp{Ip) C K[Q], we define T Q = K[Q]/I Q and we let T Q , Q : T Q -> Tq/ 
denote the map induced by Pq/q. For Q open in P the ideal Iq is generated by the 
elements n — PQp{r(n)) for n G N^. By [7[ Proposition 1.2 (b)] (with I = P \ Q) 
the if- algebra Tq is an ASL on Q op . 

Now we let T x = T( 0p>x] for x e P and T xy = T( 0p>y]( p pjX] for x,y e P with a; < y. 
It follows that T is an i?P-algebra. Using that Tq is an ASL on Q op if Q C P is 
open, we see by working with standard monomials that limpT = Tp. 

4. if P- ALGEBRAS WITH AN ASL-STRUCTURE 

We saw in Example 13.41 that an ASL R can be seen as the ring of global sections 
of a suitable ifP-algebra. Sometimes it is possible to reverse this construction in 
the sense that giving locally ASL's one can construct a ifP-algebra such that the 
global ring of sections is again an ASL with prescribed presentation. 

Recall that K[P] = K[x : x G P] denotes the polynomial algebra on the elements 
x of P. At first we present a criterion which ensures that a given ifP-algebra has 
an ASL-structure. 

Theorem 4.1. Let T be a KP -algebra on a finite poset P such that T x is an ASL 
on (Op,x] op for every x G P. Let <f> x : if[(0p,x]] — > T x be the natural projection 
induced by the ASL-structure on T x for x G P. If the diagram 



u 



K[(0p,x}\ T x 

commutes for every x,y G P with x < y, then limpT is an ASL on P op . 

In particular, if S C N p denotes the set of standard monomials in K[P] then 
limpT = K[P]/Ip, where the ideal Ip is generated by relations of the form 

^ r m ^ n m for n G N p . 



n — 
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Proof. Let <fi: K[P] — > \\mpT denote the homomorphism induced by the natural 
projections K[P] — > K[(0p,a;]] for x G P. 

We claim that <ft is surjective and moreover limpT is generated as a A'- vector 
space by the elements 0(m) with m G S. 

Let s = {s x ) x& p G limpT. Let x G P and note that s x G T x — lim(o~,x] T. Since 
T x is an ASL on (Op,a;] op there exist unique scalars A^ s G K such that 

s x = Yl XX m,sM m )- 
m( zm (0 p' x] riS 

For every chain m in P we set x m = max(supp(m)). Note that by the assumptions 
we have that X x m r = X y m r for all x,y G P such that y > x and x m < x, y. We define 
r m,s = ^rn,s- Let 



/. = £ 



r mjS m £if[P]. 

Then by the choice of the coefficients r m s 

0(/ s ) = S GlimT. 

This shows the first claim. Observe that if x, y G P are incomparable, then x m > x,y 
for all m such that r m M X y) 7^ 0. Thus ASL2 follows ones we have proved that the 
standard monomials are AMinearly independent in limpT. Assume that 



= a m (j)(m) G limT. 



Choose n G S and consider the projection 7r(T) Xn : limpT — > T Xn . Hence 
= f ( T )^( fl ™^ m )) = a m<Px n (m) G Tj, n . 

Since Ta. n is an ASL (0p,x n ] op , we get that a n = 0. This shows that the standard 
monomials are indeed A'-linearly independent in limpT and thus we have proved 
that ASL1 holds. As noted above also ASL2 holds and this shows that limpT is an 
ASL on P op . □ 

Example 4.2 (Locally distributive lattices). We refer to (TH] for the notion of 
distributive lattice. A finite poset P is called a locally distributive lattice, if P has a 
terminal element Op and for all elements z G P the interval [Op, z] is a distributive 
lattice. For example a simplicial posets as considered in [S], ^2] and JH], i>e. P has 
Op and for all z G P the interval [Op, z] is a boolean algebra, are locally distributive 
lattices. Let z G P. Since [Op, 2] is a distributive lattice it follows from a result of 
Hibi (see 0) that 

T, = K[[0 P , z)]/{x ■ y - x A y ■ x V y) 

is a graded ASL on P op with straightening relation r z (x,y) = x Ay ■ x\/ y (which is 
an integral domain). Here A and V are the meet and join in the distributive lattice 
[Op, z]. Note that x A y is the meet of x and y in P and x V y is a minimal upper 
bound of x, y in P depending on z. 
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Let R = K[P]. The restriction homomorphisms T z / Z : T z — > T z i for z,z' G P 
with z' < z, define a Z-graded i^P-algebra. We call limT the generalized Hibi ring 
associated to P. By Theorem 14 . II lim p T is an ASL on P op and it is easy to see that 
for incomparable x,y G P the straightening relations are 

r(x, y) = x A y z 

z 

where z ranges over all minimal upper bounds for x, y. The sum is defined to be 
zero if there are no such elements. 

Note that if R is a graded ASL, i.e. R is a graded i^-algebra and all elements of P 
are homogeneous and have positive degree, then it is known that the straightening 
relation (0) give a presentation of R (see Proposition 1.1 in [7J). Observe that this 
is not true in the general case (see and j2Ij for counterexamples). 

Together with this observation we proved in Example 14.21 in fact the following 
corollary: 

Corollary 4.3. Let P be a locally distributive lattice and let T be the KP-algebra 
constructed in \4-%\ Then limpT is a Z-graded ASL on P° v and for limpT = 
K[P]/It we have that the ideal It is generated by 

xy — x Ay z 

z 

where z ranges over all minimal upper bounds for x, y. The sum is defined to be zero 
if there are no such elements. 

Hence we obtain exactly the poset ring Ap constructed by Stanley in jTTj for 
simplicial posets with the same ASL structure. One immediately gets the following 
result: 

Corollary 4.4. Let P and T be as in Corollary \4-3[ If P is a Cohen-Macaulay 
poset, i.e. A(P) is Cohen-Macaulay simplicial complex, then limpT is a Cohen- 
Macaulay ring. 

Proof. Since limp T is Z-graded and the elements of P have positive degree, it follows 
from Cor. 7.2] that limpT is a Cohen-Macaulay ring. □ 

5. Quotients of rings of global sections 

Let P be a finite poset and T be a flasque PP-algebra. Given an open subset Q 
of P, the restriction of T to Q induces a surjective homomorphism 

limT — ► limT. 

P Q 

Thus linig T is a quotient of limp T and we are interested in the relationship between 
ring properties of these two rings. In general there is no close connection, but in 
special situations there is more hope. 

The goal of this section is to generalize so-called rank-selection theorems in the 
tradition of Duval [S], Hibi [TU], Munkres [Tj| and Stanley [THj to our situation. We 
follow the ideas of Hibi ^U] and at first we define: 
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Definition 5.1. 

(i) Let X be a subset of P. We denote by Px the sub-poset P \ (U^ext 3 -' lp))- 

(ii) For x G P the star of x in P is the sub-poset starp(x) consisting of the 
elements t/Gi 3 such that there exists z G P with x,y < z. 

(iii) A non-empty subset XCPis called excellent if for every maximal element 
z of P there exists at most one x G X with x < z. 

Given an element x G P we let J x denote the kernel of the homomorphism 

limT — > lim T. 

P P\[z,l) 

Lemma 5.2. Let R be a U 11 -graded ring, X be an excellent subset of a finite poset P 
and T be a flasque Z m '-graded RP-algebra. Then there exists a short exact sequence 

0^££)I X -^ limT — limT — 
vL< P Px 

o/ Z™ -graded R-modules. 



Proof. Let x G X. The homomorphism 

01,- hmT 

is the sum of the inclusions I x — > limpT. This homomorphism is injective because 
X is excellent. It follows from the definition of Px that the sequence in question is 
a zero- sequence. It is right-exact, since T is flasque. We leave it as an exercise to 
the reader to check middle-exactness. □ 

Definition 5.3. A poset P is locally graded if the maximal chains of (Op, x] are of 
equal cardinality for every x G P . 

We can now apply the main result in [2]. 

Lemma 5.4. Let (R, m) be a Z™ -graded local ring with K = Rq a field and let P be 
a finite locally graded poset. Let T be a flasque Z™ -graded RP-algebra such that the 
homomorphism R —>■ limpT is surjective. Assume that: 

(i) T y is Cohen-Macaulay of dimension rank(y) for every y G P. 

(ii) For every y G P we have that 

H\(y, lp); K) = for i ± rank((y, lp)). 

Then limpT is Cohen-Macaulay with dim limp T = rank(P). In particular, if P is 
a Cohen-Macaulay poset then the assumption (ii) is satisfied. 

Proof. By |2J Theorem 6.2] we have that 

#i(limT) = H*-^-\(y, lp); K) ® K H^{T y ) 

y£P 

as Z m -graded i^-vector spaces. By assumption (ii) we have that 
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for i — rank(y) — 1 7^ rank((y, lp)) = rank(P) — rank(y) — 1. 
The latter condition is equivalent to i 7^ rank(P). Hence 

Hi(\imT) = for i 7^ rank(P) 

and thus linipT is Cohen-Macaulay of dimension rank(P). □ 

We are ready to present the main result of this section which generalizes a result 
of Hibi [TfH Theorem 1.7]. 

Theorem 5.5. Let (R, m) be a U^-graded local ring with K = R Q a field and let 
X be an excellent subset of a finite locally graded poset P. Let T be a flasque Un- 
graded RP '-algebra with dim limp T = rank(P), and such that the homomorphism 
R — > limpT is surjective. Assume that: 

(i) T y is Cohen-Macaulay of dimension rank(y) for every y G P. 

(ii) For every x G X we have that rank(star(x)) = rank(P) and rank(star(x) D 
P x ) = rank(P) - 1. 

(hi) For every x G X and y G star(x) we that H l ((y, I^m)] K) = for i 7^ 
rankftj/.ljg^j)). 

(iv) For every x G X and y G star(x) HPx we have that H l ((y, l sta ^^=jp x )i K) = 
0/or^rank((t/,l sta — px )). 

Then the natural homomorphism 

P;(hmT)^P;(hmT) 

is surjective for i = rank(P), it is injective for i = rank(P) — 1, and otherwise it is 
an isomorphism. 

Proof. For every x G X the sets star(x) and star(a;) PI Px are open subsets of P 
and thus they are locally graded posets and the ranks of elements in these poset 
coincide with the ones in P. Let J x be the kernel of the surjective homomorphism 
limstar^) T -> lim st ar(:r)np x T. Since star(a;) n P x = star (a:) \ [x, lp) we get a com- 
mutative diagram of P-modules of the form 

> I x > limpT ► limp\[ Xj i^) T ► 

> J x > limgtax^) T > lim star ( a .) n p x T > 0. 

Note that limp T — > HnistarCaO T and limp^,],-) T — > lim star ( a ,) n p x T are surjective and 

ti licit I x ^ J x 

is an isomorphism. 

By Lemma 15.41 the rings lim star ( x ) T and lim sta r( 2: )np x T are Cohen-Macaulay of 
dimension rank(star(x)) = rank(P) and rank(star(x) D Px) = rank(P) — 1 respec- 
tively. The long exact local cohomology sequence induced by the second row above 
shows that J x and thus I x are Cohen-Macaulay of dimension rank(P). 
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Next we consider the short exact sequence 

-»• (£)I X -> limT -> limT -> 

and read the statement of the theorem off from the associated long exact local 
cohomology sequence. □ 

If X is an excellent subset of a finite locally graded poset P, then Px is called 
hereditary if the assumptions (ii)-(iv) of Theorem 15.51 are satisfied. In view of the 
above result and a theorem of Hochster implying that the normal monoid ring K[DC\ 
Z d ] is Cohen-Macaulay of dimension d for every (i-dimensional rational pointed cone 
D in W 1 , we obtain the following 

Corollary 5.6. Let P(S) be the face poset of a rational pointed d- dimensional fan 
E in R m , let R = limpT and let T(E) be the associated KP(Ti)- algebra of Example 
lff.il If X is a hereditary subset o/P(E) then the homomorphism 

W m (\imT)^W m ( lim T) 

P(£) P(S)x 

is surjectivefori = d, it is injectivefori = d—1, and otherwise it is an isomorphism. 

A sub-poset Q of P is called n-hereditary (or hereditary for short) if there exists 
a sequence Xi, X 2 , . . . , X n of subsets of P and a sequence Q = Pi C P 2 C • • ■ C 
P n+ i = P of sub-posets of P such that Xi is an excellent subset of Pj + i and P, = 
(Pi+i)xi hereditary in P i+1 for i — 1, . . . , n. 

Corollary 5.7. Let Q be an n-hereditary sub-poset of a locally graded poset P. Let 
(R, m) be a Z™ -graded local ring with R Q = K a field and let T be a flasque Z m - 
graded RP -algebra such that the homomorphism R —>■ limpT is surjective and such 
that T y is Cohen-Macaulay of dimension rank(y) for every y 6 P. Then 

P4(limT) = H l m (\imT) for i = 0, . . . , rank(P) - 1 - n 

as IT 1 -graded limp T -modules. In particular, if limpT is Cohen-Macaulay and 
rank(Q) = rank(P) — n, then liniQ T is Cohen-Macaulay. 

The ith skeleton of a poset P is the sub-poset 

P« = { y g P : rank(y) < z}. 

Example 5.8. Let P = P(E) be the face poset of a rational pointed fan E in M m 
and let T = T(E) be the i^P(E)-algebra of Example 13.11 We claim that is a 
hereditary sub-poset of p( 4+1 ) with respect to the excellent subset 

X® = {C E P (i+1) : rank(C) =2 + 1}. 

For C E X® we have that star(C) nP*-^ 1 ^ contains an initial element, and thus it is 
acyclic. For every C G P the poset star(C) \ {C} is the face poset of the boundary 
of a cone and thus Cohen-Macaulay. This shows the claim. 
We obtain immediately from Corollary 15. 71 that 

depth limT = max{i G N : % < rank(P) and limT is Cohen-Macaulay}. 

P p(») 
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If P is the face poset of a simplicial complex A and T is the Stanley-Reisner KP- 
algebra associated to A, then this is a well-known result. 

6. Presentations of sectioned /CP-algebras 

Recall that for a set F we denote by K[F] the polynomial ring on the variables 
a G F and that the support of a monomial m G K[F] is the set supp(m) = {a G F : 
m(a) > 0}. Given an inclusion F x C F of finite sets we denote by n x : K[F] — > i^fF^] 
the natural projection with 7i x (a) = a if a E F x and tt x (o) = otherwise. There 
is a f^P-algebra Tfi associated to every system II = (F x ) x& p of subsets of a finite 
set F with F x fl F y = U^^^ for every x,y G P defined by (T 11 )^ = i^[Pj and 
(T n ) xy (f) = ir x (f) for x < y in P and / G iT[P y ] C K[P]. The projections 
7i x '. K[F] — > K[F X ] induce a surjective homomorphism n: K[F] — > limpT n with 
kernel Ker(7r) = f] x£P Ker(Tr x ) equal to the ideal generated by the set of monomials 
m in K[F] such that supp(m) is not contained in any of the sets F x . Thus the 
ring limpT n is isomorphic to the Stanley-Reisner ring of the simplicial complex An 
consisting of the subsets G of F contained in F x for some x G P. 

Definition 6.1. Let T be a i^P-algebra. We call a pair (II, p) of a system II = 
(F x ) x€P of subsets of a finite set F with F x fl F y = U z < X:y F z for every x,y G P and 
a surjection p: T n — > T of i^P-algebras a presentation of T. The homomorphisms 
induced by p are denoted p<g : liniQ T n — ► liniQ T for Q open in P and p x : (T 11 )^ — > 
T x for x G P. 

Given a i^P-algebra T and x G P, the structure-homomorphism from limpT to 
T x is denoted tt(T) x : limpT — > T x . 

Definition 6.2. A sectioned KP-algebra (T, l(T)) consists of a i^P-algebra T and 
fT-linear homomorphisms i(T) x : T x — > limpT with ^(T)^ o ^(T)^. = idp^, for x G P. 

Example 6.3 (Monomial ideals). Let / be a monomial ideal in the polynomial ring 
S = K[xi, . . . , x n ] with irredundant irreducible decomposition I = m b fl • • • fl m 6 . 
We consider the i^P-algebra T = T(J) on the poset P = P(I) of Example 13.21 
For D C C C [t] , there is a preferred section S/ J2ieD ~^ $1 SieC m&1 °f the 
projection Tp<7 induced by a i^-linear homomorphism 5 — >• S acting either as the 
identity or as zero on a monomial of S. The f^P-algebra T is sectioned with l(T)c 
such that the composition vr(T)p o l{T) c is given by the composition 

i£C i&CC\D i€D 

where the first homomorphism is the section described above and the second homo- 
morphism is the natural projection. 

The i^P-algebras of the form T n considered above are sectioned KP-algebras with 
^-linear sections l(T u ) x : T n x -> limpT n defined by L(T n ) x (f) = (p y {tx{f)))yeP, 
where i x : K\F X \ — > K[F] denotes the natural inclusion. 

Definition 6.4. We call (II, p) a presentation of the sectioned .ff P-algebra T if it is a 
presentation of T considered as a fCP-algebra and the identity ppot(T u ) x = i(T) x op x 
holds for every x G P. 
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The notation of the above definition can be summarized in the following commu- 
tative diagram: 

K[F\ K[F\ K[F] 



K[F X ] lim P T n K[F X ] 



VP 



limp T 



w(T) a 



Let us record some facts. 



Lemma 6.5. If (II, p) is a presentation of a sectioned KP '-algebra T , then 

(i) = a e pKer(7r(T) x )chmT. 

(ii) Ker(pp) = f| x6 p Ker(7r(7% o p P ). 

(iii) Ker(ir(T) x o p P o tt) = Ker(p x o 7^) = L x (Ker(p x )) + (F \ F x ). 

(iv) L x (Kei(p x )) = Kei(p x o n x ) n ^(KfFj) = Ker(n(T) x o p P o tt) n t x {K[F x \). 

The following theorem is our main result in this section. 

Theorem 6.6. Let (II, p) be a presentation of a sectioned KP -algebra T . We have 
that 

(i) Ker(7r) = f] xeP Ker(7r x ) = I& n is the Stanley-Reisner ideal of A n in K[F}. 

(ii) Ker(p P o tt) = Ex G p(^( Ker (^))) + D^eP Ker (^)- 
In particular, 

limT-X[F]/^/ x + / An , 
w/iere 4 = (Ker(p x o 7r x ) n ^(^[FJ)) /or x E P. 

Proof. Since we have explained (i) above we only need to prove (ii). Clearly the 
right hand side is contained in Ker(pp o n). Given / G Ker(pp o n) we consider the 
set P(f) consisting of the elements x6P such that / contains a monomial m with 
supp(m) C F x . We prove the opposite inclusion by induction on the cardinality of 
the set P(f). First note that P(f) = implies / G f] xeP Ker(7r x ). If P(f) ^ 
we choose an element x G P{f). Since i x n x (f) G t x (Ker(p x )) the element /' = 
/ — L x^x{f) is an element of Ker(pp o 7r) with P(/') a proper subset of P(f). This 
takes care of the induction step. □ 

In some cases there is a relation between the simplicial complex An and the 
.fT-algebra limpT. In fact, we have: 

Corollary 6.7. Let (II, p) be a presentation of a sectioned flasque KP -algebra T 
consisting of Z™ -graded Cohen-Macaulay rings such that d x < d y and f x < f y for 
x < y in P, where d x = dim(T x ) and f x = \F X \. We have that 

depthlimT = min{i G N : H£ {f *~ dx) (K[A U }) ^ for some x G P}, 
dimlimT = max{i G N : H^^ x ~ dx \K[A-n\) ^ for some x G P}. 
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In particular, if there exists an n G Z such that &im.(K[F x ]) = dim(T x ) + n for 
every x G P and such that dim(if[An]) = dim(limpT) +n, then limpT is Cohen- 
Macaulay if and only if An is Cohen-Macaulay. 

Proof. The P-algebra limp T n is isomorphic to the Stanley-Reisner ring of An- The 
statements are a direct consequence of [21 Corollary 6.3]. □ 

Example 6.8 (Toric face rings). Let £ be a rational pointed fan in W 71 and choose 
affine monoids Mq< for C G £ as in Example 13.11 The K P-algebra T of Example 13.11 
with T c = K[M C ] is a sectioned PP-algebra with l(T) C - T c — > limpT determined 
by requiring the composition tt(T)d ° i>(T)c to be the composition of the inclusion 
K[M C ] C If [Me] and the face projection tf[M s ] -> PJ[M D ] if C and D are faces of 
a common cone P in S, and requiring vr(T) p, o i(T)c to be zero otherwise. Denoting 
the Hilbert basis of Mq by Fc, the surjections pc '■ K[Pc] K[Mc\ define a presen- 
tation (II, p) of the sectioned if P-algebra T with II = (Pc)ceE- m the particular 
case where Mq = 1> m H C for every C G £, the if P-algebra T is denoted T(E), 
and T(S)c is Cohen-Macaulay of dimension dim(C) since it is the monoid ring of 
a normal affine monoid. Note that Corollary 16.71 applies to T(£). 

Finally, we want to compute the initial ideals of the presentation ideal of limp T 
with respect to weight orders in w on K[F] induced by a map uj: F — > M.. 

Theorem 6.9. Let (II, p) be a presentation of a sectioned KP -algebra T . For a 
map uj: F —> M we have that 

if [P]/in w (Ker(pp o tt)) = limif [F x ]/ in w (Ker(p x )). 

Proof. The if P-algebra in^T with in^T^ = if [F x ]/ in^Ker^)) is presented by 
(II, q), where q x is the projection if [F x ] — > if [P x ]/ i n w(K er (Px-))- Hence by Theorem 
EE 

Ker(g P o vr) = I ^ L x (Ker(q x )) J + pj Ker^). 

Clearly ^(Ker^)) = t a; (in £J (Ker(p a ;))) is contained in in £J (Ker(pp0 7r)), and thus the 
identity on if [P] induces a homomorphism if [P]/ Ker(q , p07r) — > if [P]/ in<j(Ker(ppo 
7r)). On the other hand, 7r a; (in a ,(Ker(pp07r))) C in a; (Ker(p :r )), and thus the projection 
if [P] — > K[F X ]/ m tJ (Ker(p x )) induces a homomorphism 

P[P]/in w (Ker(pp o tt)) -> if [P,]/ in^Ker^)). 

These homomorphisms in turn assemble to a homomorphism 

P[P]/in w (Ker(p P o tt)) -> limP[P,]/in w (Ker(p a; )) = if [P]/Ker(g P o vr). 



We leave it as an exercise to the reader that this is an inverse isomorphisms to 
P[P]/Ker(gpOTr) -> if[P]/ in w (Ker(p P o tt)). □ 
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